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non-trivial for many virtual knots, but is trivial on classical knots.
Also this polynomial is sometimes useful for finding the virtual
crossing number of long virtual knots. We give various properties
of this polynomial and examples.
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1. Introduction
Kauffman [1] introduced virtual knot theory as a generalization of classical knot theory in the sense
that if two classical link diagrams are equivalent as virtual links, then they are equivalent as classical
links [2,1]. A virtual link diagram is an oriented link diagram in R2 possibly with some encircled
crossings without over/under-information, called virtual crossings. A virtual link is the equivalence
class of such a link diagramby generalized Reidemeistermoves, which consists of (classical)Reidemeister
moves of type R1, R2 and R3 and virtual Reidemeister moves of type VR1, VR2, VR3 and the semivirtual
move VR4 as shown in Fig. 1.
A long virtual knot diagram is a generic immersion f : R → R2 with over/under/virtual
crossing information at each double point, and such that f (x) = (x, 0) for |x| sufficiently large. Two
diagrams are equivalent if one can be transformed into the other by a finite sequence of generalized
Reidemeister moves. As before, long virtual knot is an equivalence class of long virtual knot diagrams.
Throughout the paper, all long virtual knots are thought to be oriented, unless otherwise specified, so
that long virtual knots have an orientation from R.
To date, many invariants of classical links have been generalized for the virtual case, for example,
the fundamental group, the Alexander polynomial, the Jones polynomial, the quantum link invariants
and the Vassiliev invariant, see [3,2,1,4,5]. In many cases, a classical invariant extends to an invariant
of virtual knots that is an extension of ideas from classical knot theory. In some cases one has an
invariant of virtual links that vanishes for classical links. These are the polynomial invariants studied
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Fig. 1. Generalized Reidemeister moves.
Fig. 2.
by Sawollek [6], Silver and Williams [7] and by Kauffman and Radford [8], which are eventually the
same. This invariant is produced by the methods that give the classical Alexander polynomial, but it
is trivial in the classical case and non-trivial in the virtual case. Such invariants are valuable for the
study of virtual links since they promise the possibility of distinguishing classical links from virtual
links.
Similarly, the purpose of this paper is to introduce a polynomial invariant of long virtual knots
that is non-trivial for many long virtual knots, but is trivial on classical knots. Also this polynomial
is sometimes useful for finding the virtual crossing number of long virtual knots. We give various
properties of this polynomial and examples.
Long virtual knots form a semigroup under concatenation. There is a natural map from the
semigroup of long virtual knots to the set of virtual knots given by joining the left and right ends
of long virtual knot diagrams and we denote this closing map by κ , which is a bijection when we
restrict the case to the classical category. However the general situation in the virtual category is
more complicated. In [7], Silver and Williams showed that the preimage κ−1(K) of any long virtual
knot K consists of infinitelymany distinct long virtual knots. However, they did not prove that all long
virtual knots Kn’s which they constructed are mutually distinct. In this paper, we show that they are
distinct by the polynomial introduced in this paper.
This paper is organized as follows. Section 2 gives the basic definitions and results of long
virtual knots. Also, we introduce a polynomial invariant of long virtual knots, and give the proof of
the invariance. In Section 3, we provide various properties of the polynomial invariant and some
examples.
2. The polynomial invariant QK (t) of long virtual knots
We begin this section with basic definitions and results which are needed throughout this paper.
A state of a long virtual knot diagram D is a union of immersed arc and loops inR2 with only virtual
crossings, which is obtained by splicing all classical crossings of D. At each spliced crossing we attach
a chord labeled A or B to represent the splicing direction as shown in Fig. 2.
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Fig. 4.
Fig. 5.
A state σ of a long virtual knot diagram D is normal if for any classical crossing x of D, the arc or
loops of σ spliced at x are of type (1) or (2) in Fig. 3. A long virtual knot diagram D is normal if every
state of D is normal. Note that a normal diagram D is the same as a checkerboard colorable long virtual
knot diagram [9]. A long virtual knot K is normal if K is the equivalence class of a normal diagram
under equivalence relation generated by generalized Reidemeister moves.
For a long virtual knot diagram D, we denote by D¯ the union of immersed arc and circles in R2
obtained by ignoring the over- and under-information at classical crossings of D and leaving the
virtual information unchanged so that the edges of D¯ are oriented alternately at each vertex, which
corresponds to a real crossing of D.
Definition ([10]). D¯ admits an alternate orientation if all edges (when regarding D¯ as a 4-valent planar
graph) can be oriented as shown in Fig. 4.
It is straightforward to get the following propositions.
Proposition 2.1 (cf. [10, Proposition 6]). A long virtual knot diagram D is normal if and only if D¯ admits
an alternate orientation.
Proposition 2.2 (cf. [10, Corollary 7]). Let D = D1 ∪ · · · ∪ Dµ be a long virtual link diagram of a µ-
component long virtual link. If D is normal, then the number of all classical crossings between Di and D\Di
is even.
It is well known that there is a one-to-one correspondence between the set of long classical knots
and the set of ordinary classical knots. Now,we give a polynomial invariant of long virtual knotswhich
is useful for distinguishing between long classical and virtual knots and for figuring out the virtual
crossing number.
For a given long virtual knot K with a diagram D, let us choose a classical crossing c in this diagram
belonging to the same component of the shadow of D which is obtained by ignoring the over- and
under-information at classical crossings of D and leaving the virtual information unchanged, and
perform the smoothing operation as shown in Fig. 5.
This smoothing gives us a two-component diagram Dc , which is the union of an arc and a loop. We
choose an ordering (1, 2) for the components of the diagramDc so that 1 for the arc and 2 for the closed
curve are assigned, and let 1∩ 2 denote the set of virtual crossings between the two components. For
each virtual crossing v ∈ 1∩2, we assign 1 or−1, called the index number of v and denoted by ind(v)
as shown in Fig. 6. And we assign ind(v) = 0 for each virtual crossing v in the same component.
1292 Y.H. Im, K. Lee / European Journal of Combinatorics 30 (2009) 1289–1296
Fig. 6.
Definition. The virtual intersection index, denoted by i(c), of an ordered two-component diagram Dc
associated to a smoothed crossing c is given by
i(c) =
∑
v∈1∩2
ind(v),
where v is a virtual crossing of Dc .
Now we define a polynomial invariant for long virtual knots as follows.
Definition. Let the polynomial QD(t) ∈ Z[t, t−1] for a long virtual knot K with a virtual knot diagram
D be as follows.
QD(t) =
∑
c∈C
sign(c)(t i(c) − 1).
In this formula, C is the set of classical crossings c of D.
In the definition,
∑
c∈C sign(c)t i(c) is not an invariant under a Reidemeister move of type R1. We
need to normalize the polynomial so that QD(t) can be an invariant for long virtual knots. We show
that this polynomial QD(t) is an invariant for long virtual knots as follows.
Theorem 2.3. The polynomial QD(t) is an invariant for long virtual knots.
Proof. Let D and D′ be equivalent long virtual knot diagrams. First, we consider the case that D′ is
obtained from D by applying a single move R1. We may assume that the number of crossings of D
is less than that of crossings of D′. The R1 move adds a new crossing c ∈ D′, and therefore adds a
new term to the sum of the polynomial of D. If we smooth at the new crossing c of D′, we obtain
a two-component diagram D′c which is a disjoint union of an arc and a trivial loop. Then i(c) = 0
for the new crossing and the term corresponding to the new crossing vanishes. The remaining terms
corresponding to the other classical crossings of D and D′ are the same since the R1 move does not
affect the virtual intersection indices of curves arising from other crossings. Thus, QD(t) = QD′(t).
Second, consider the case that D′ is obtained from D by applying a single move R2. Wemay assume
that the number of classical crossings of D is less than that of D′. Since D is oriented, we need to
consider two cases according to orientations of the arcs of D in a local disc. Suppose that the two
arcs of D have parallel orientations. Let a and b be the two new classical crossings of D′. The R2 move
adds two new terms to the sum of QD(t). It is obvious that the virtual intersection index of the two-
component diagram D′a obtained by smoothing at a is equal to that of the two-component diagram D′b
corresponding to the smoothing at b. Since these crossings have opposite signs, our two new terms
cancel each other. Let us consider the remaining terms of QD(t) and QD′(t). For d(6= a, b) ∈ D (resp.,
D′), i(d) is not changed regardless of whether two arcs of the local disk under the R2 move are in
the same component of the smoothed two-component link Dd (resp., D′d) or not. Therefore, we have
QD(t) = QD′(t). The proof of the other case is similar to the above.
Now, consider the case that D′ is obtained from D by applying a single move R3. Let c1, c2 and c3 be
crossings between the top and the middle arcs, the top and the bottom arcs and the middle and the
bottom arcs ofD in the process of the R3move, respectively.We denote the corresponding three cross-
ings of D′ by c ′1, c
′
2 and c
′
3. Suppose that all the signs of the three crossings c1, c2 and c3 are +1. If we
smooth at c1 and c ′1, we obtain two-component diagrams so that i(c1) = i(c ′1). Similarly, if we smooth
at ci and c ′i (i = 2, 3), we obtain two-component diagrams so that i(ci) = i(c ′i ) (i = 2, 3). It is imme-
diate that all corresponding terms of QD(t) and QD′(t) are equal. Therefore, we have QD(t) = QD′(t).
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Any Reidemeister move of type R3 can be realized by a sequence of the above Reidemeister move of
type R3 and some moves of type R2. Therefore, QD(t) is invariant under any Reidemeister move of
type R3.
If D′ is obtained from D by applying any virtual Reidemeister move VR1, VR2 or VR3, then i(d) is not
changed for any classical crossing d of D and D′, since D and D′ have no new real crossings. Therefore,
QD(t) = QD′(t).
Finally, we consider the case that D′ is obtained from D by applying a single move VR4. Let B be
a local disk for a virtual Reidemeister move R4. D (resp., D′) has three crossings in B, one of which is
a classical crossing c1 (resp., c ′1) and the others are virtual crossings. By smoothing at c1 and c
′
1, we
have two-component diagrams and i(c1) = i(c ′1). For the other classical crossing d(6= c1) ∈ D (resp.,
d′ ∈ D′), i(d) = i(d′) and QD(t) = QD′(t). 
Remark 2.4. (1) We give A. Henrich much credit for the polynomial QK (t)which is motivated from a
Vassiliev invariant of degree one polynomial pt(K) [3]. Similarly, we can define the polynomial QK (t)
for any virtual knot K and it is easy to check that QK (t) is the same as pt(K).
(2) Long virtual links can be defined like long links L [4] and the polynomial QD(t) can be defined
for them by
QD(t) =
∑
c∈A
sign(c)(t i(c) − 1)+
∑
d∈B
sign(d)(t |i(Dd)| − 1).
In this formula, A is the set of classical crossings c of a long virtual link diagram D representing L so
that the corresponding vertex belongs to the same one component of the shadow of D,B is the set of
classical crossings d of D so that the corresponding vertex belongs to the different two components of
the shadow ofD, andDd is the two-component diagram containing dwhich is a part of the long virtual
link diagram D. However, we restrict the problem to the case of long virtual knots in this paper.
3. The properties of QK (t) and examples
In this section, we give several properties of the polynomial invariant QK (t) for long virtual knots.
Like some polynomials defined by Sawollek [6], Silver andWilliams [7] and by Kauffman and Radford
[8], the polynomial QK (t) for any long classical knot is trivial, and we have QK (t) ∈ Z[t2, t−2] for any
long virtual knot which is normal.
Let K be a long virtual knot and D a long virtual knot diagram representing K . We define a
polynomial for K by QD(t) and denote it by QK (t).
Proposition 3.1. The polynomial QK (t) of any long classical knot K is zero.
Proof. If we consider any classical crossing c of K , then i(c) = 0 since there is no virtual crossing. As
a result, QK (t) = 0. 
Remark 3.2. However, Kishno’s knot can be broken and converted into a non-trivial long virtual knot
K with QK (t) = 0 in Fig. 7.
Proposition 3.3. If K is a long virtual knot which is normal, then the polynomial QK (t) ∈ Z[t2, t−2].
Proof. Let c be a classical crossing of K . Then, we have a two-component diagram by smoothing at c.
By the Jordan curve theorem, the number of crossings that two components meet is even. Since K is
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Fig. 9.
a long virtual knot which is normal, the number of virtual crossings is even by Proposition 2.2. Thus,
it is easy to see that i(c) is even.
As a result, we have the polynomial QL(t) ∈ Z[t2, t−2]. 
The connected sum # of long virtual knots is well defined, and long virtual knots form a semigroup
under the connected sum. Obviously, the following theorem is true.
Theorem 3.4. For any two long virtual knots K1 and K2 we have QK1#K2(t) = QK1(t)+ QK2(t).
The polynomial QK (t) for long virtual knots provides us with the advantage of distinguishing
whether a given long virtual knot is classical or not, and normal or not through quick computation.
Example 3.5. Consider the following three long virtual knots K1, K2 and K3 in Fig. 8 [7].
By joining ends, we obtain the same virtual knot. Let us compute the polynomial QK (t):
(1) For K1, we have QK1(t) = −2(t − 1).
(2) For K2, we have QK2(t) = −(t + t−1 − 2).
(3) For K3, we have QK3(t) = −2(t−1 − 1).
Thus K1, K2 and K3 are long virtual knots which are not normal and they are distinct.
Example 3.6. Consider now long virtual knots K4 and K5 as shown in Fig. 9 [7].
(1) For K4, we have QK4(t) = (t−1 − t) and for K5, we have QK5(t) = (t − t−1).
(2) For K4#K5, we have QK4#K5(t) = (t−1 − t)+ (t − t−1) = 0 by Theorem 3.4.
Thus, K4, K5 and K4#K5 are long virtual knots which are not normal and they are distinct.
Example 3.7. Let D be a diagram for a long virtual knot that closes to a virtual knot K and consider
a sequence {Dn} of diagrams for long knots Kn, n ∈ N, as shown in Fig. 10. Dn+1 is obtained from Dn
by adding a classical crossing followed by a virtual crossing above and below D in such a way that the
classical crossings alternate in sign.
In [7], Silver andWilliams showed that each long virtual knot Kn maps to K under the closing map
k and {Kn} contains infinitely many distinct long virtual knots. However, they did not prove that all
Kn’s are mutually distinct.
By calculating the polynomial QK (t), we show that Kn and Km are distinct for n 6= m. To find out
the polynomial QD1(t) of D1, let a and b be two new classical crossings of D1. The virtual intersection
indices of the two-component diagram D1a and D1b obtained by smoothing at a and b are −1 and
1, respectively. For any real crossing d in D ⊂ D1, the new virtual crossing v of D1 does not affect
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the virtual index of the two-component diagram obtained by smoothing at d since v is in the same
component of D1d. Hence, QD1(t) = QD(t)+ (t − t−1). By the inductive argument, we get
QDn(t) = QD(t)+ {(t2n−1 − t−2n+1)− (t2n−3 − t−2n+3)+ · · · + (−1)n−1(t − t−1)}.
Thus Km and Kn are distinct form 6= n because of QDm(t) 6= QDn(t).
For a long virtual knot diagram D we denote by D∗ the long virtual knot diagram obtained by
interchanging the over- and under-information at all classical crossings of D while keeping the
orientation of D. If D and D∗ represent the same long virtual knot, then the long virtual knot is said to
be amphicheiral.
Proposition 3.8. For any long virtual knot diagram D, QD∗(t) = −QD(t) and Q−D(t) = QD(t), where D∗
is the mirror image of D and−D is orientation reversing.
Proof. Let d be a classical crossing of D, and corresponding crossings of D∗ and−D be d∗ and d′. Then
the corresponding virtual intersection indices are the same. Since sign d = −sign d∗ = sign d′, we
have QD∗(t) = −QD(t) and Q−D(t) = QD(t).
Corollary 3.9. For any amphicheiral long virtual knot K , QK (t) = 0.
Proof. For any long virtual knot diagram D of K , QD∗(t) = QD(t) and we have QD∗(t) = −QD(t)
according to Proposition 3.8. Thus, QD(t) = 0.
From the corollary, any long virtual knot K with non-zero QK (t) is not amphicheiral.
The virtual crossing number of a long virtual knot K is the minimum number of virtual crossings
of all long virtual knot diagrams representing K . Our invariant QK (t) is useful for finding the virtual
number of a long virtual knot as follows.
Theorem 3.10. For a long virtual knot K , let QK (t) =∑∞n=−∞ antn, where an ∈ Z is the coefficient of tn.
If |n| is greater than the virtual crossing number of K , then an = 0.
Proof. Let D be a long virtual knot diagram representing K so that the number of virtual crossings of
D is the virtual crossing number of K . By the definition of QK (t), the absolute value of possible maximal
andminimal degrees of QK (t) is the virtual crossing number of the virtual link K . Thus, if |n| is greater
than the virtual crossing number of K , then an = 0. 
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Example 3.11. For the 2-braid long virtual knot K = B(−2, 1, 1) in Fig. 11, we get QK (t) = −2(t3 −
1)+ (t − 1)+ (t−1 − 1). Thus, K is a long virtual knot which is not normal. Also, the virtual crossing
number of K is exactly 3, because the maximal degree of QK (t) is 3.
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